This paper describes the dynamic modeling and analysis of a fixed-wing micro air vehicle (MAV). A nonlinear model for the MAV motion with six degrees of freedom is formulated first. Next, an extended version of the linear-time-invariant model for the MAV is derived by applying small perturbation theory and linearizing around an equilibrium flight condition. This ad hoc extended model for the MAV retains more terms that are generally neglected in mathematic models of conventional airplanes. To explore the stability and control characteristics, the aerodynamic derivatives required by dynamic modeling are evaluated using low-Reynolds-number wind tunnel testing data and some theoretical/empirical formulas. A fixed-wing MAV with a 15-cm wingspan successfully flown in 2002 is used as a baseline prototype for dynamic modeling and analysis. The longitudinal and lateral dynamic responses of the MAV under various conditions are demonstrated. The performance of the present extended MAV model is investigated by comparing the flight dynamics for different models. The simulation results show that the proposed extended model is consistent with the nonlinear dynamics model for a wider range of flight conditions. The present analysis may aid a better understanding of flight characteristics as well as design and analysis of MAV systems.
Introduction
A MAV is designed for low-cost one-man operation in many particular missions, such as reconnaissance, targeting, chemical-cloud detection, battlefield assessment, and communications, etc. Research into MAVs was proposed first by the US Defense Advanced Research Project Agency (DARPA). 1) Later, micro-flight systems attracted considerable attention from aeronautical and mechanical engineers and MAV technology becomes one of the most active research sector in engineering. A MAV is characterized by small size, low speed, and low weight. System miniaturization reduces aerodynamic efficiency, demanding strict propulsion and energy requirements, and causing difficulties in stability and control design.
Existing MAV systems can be classified into three major categories, fixed wing, rotary wing, and flapping wing. In addition, Shyy and Smith 2) proposed a flexible wing made of membrane, which can be deformed by the local surface pressure. It has fixed wing-root, so it should be regarded as a special form of fixed wing. In fixed-wing aircraft, thrust is provided by a propulsion system and lift is generated by the main wing with relative motion to airflow. Since the system dimension is limited to an order of 10 cm, large-area wings with an aspect ratio (AR = wingspan/mean chord length) around unity must be used. This class of fixed wings seems impossible to be smaller than about 10 cm, and rotary wings and flapping wings seem more promising for MAVs like insects. Nevertheless, the wide range of possible payloads leads to many uses for fixed-wing MAVs. A stateof-art, fixed-wing MAV with quiet electric motors, cameras, GPS, and other sensors has practical applications in military and civilian missions.
Improving the design of fixed-wing MAVs presents challenges in aerodynamics, flight stability, and control. The flight speed of this class of air vehicles is about 10 m/s, and the Reynolds number (Re) falls into the range of 10 5 or less. Aerodynamic forces and moments change substantially with variations in flight conditions and we need databases for low-Re aerodynamic coefficients and stability derivatives. Some numerical and experimental studies on aerodynamic characteristics have been performed for fixedwing, [3] [4] [5] flexible-wing, [6] [7] [8] and flapping-wing MAVs. 3, 9) Additionally, to achieve autonomous flight control, an understanding of flight dynamic characteristics is very significant. Some efforts have been devoted to MAV flight dynamics and control. On the practical side, Ettinger et al. 10) proposed vision-based guidance and control of remotely piloted MAVs, and Bao et al. 11) made improvements with a time-saving algorithm for imaging processing. Most recently, Gamble and Reeder 12) made a series of experimental analyses of MAV in propeller-wing interactions. However, the literature has only few studies on flight dynamics modeling and analysis of fixed-wing MAVs in state-space. Boothe 13) modeled the flight dynamics of a MAV with a morphing wing using a linear input varying system. Abdulrahim et al. 14) performed a linear analysis of the flight dynamics of a MAV with a membrane wing. Kuo et al. 15) and Chang et al. 16) performed an analysis based on a general linear time-invariant (LTI) model to investigate the influences of component allocation and control surface Ó 2010 The Japan Society for Aeronautical and Space Sciences performance on the longitudinal and lateral-directional stability characteristics of a fixed-wing MAV, showing a discrepancy between nonlinear and LTI models.
Due to their low velocity and low aerodynamic efficiency, MAVs usually fly at moderate or high attack angles unlike the conventional aircraft. The relevance of the LTI model for conventional airplanes must be justified carefully. Modeling and analysis are critical in flight control system design and flight trajectory optimization. However, modeling the flight dynamics of MAVs is difficult due to the lack of aerodynamic coefficients and stability derivatives. The low-Reynolds-number flight of a MAV causes low aerodynamic damping and high sensitivity to atmospheric turbulence, creating challenges for modeling and analysis. An oversimplified linear or quasi-linear analysis may not provide accurate evaluation of MAV flight performance.
This study models and analyses the flight dynamics of a fixed-wing MAV. A nonlinear model with six degrees of freedom is formulated first. Next, an extended version of the linear-time-invariant (Ext-LTI) model is derived by linearizing around an equilibrium condition based on small perturbation theory. This ad hoc Ext-LTI model retains more terms that are generally neglected in mathematic models of conventional airplanes, denoted as the Conv-LTI model. The major concern of this study is the performance of the proposed LTI model simulating MAV flight dynamics as compared to the nonlinear model. A fixed-wing MAV with 15-cm wingspan, successfully flown in 2002, was used as the baseline model to investigate the longitudinal and lateral dynamic responses of the MAV under various flight conditions. In the simulations, the aerodynamic derivatives required by dynamic models were evaluated using experimental data from low-Reynolds-number (Low-Re) wind tunnel testing and some theoretical/empirical formulas.
Nonlinear Equations of Motion
Following general flight dynamics analysis, 17, 18) the coordinate system and the notations are shown in Fig. 1 with the MAV configuration designed by our group. Using conventional notations, the equations of motion are:
where I yz ¼ I xy ¼ 0 because the xz-plane is a plane of symmetry for the MAV. The forces and moments acting on the MAV are composed of aerodynamic, gravitational, and propulsive components. The aerodynamic forces and moments represented as functions of the flight condition are given by
where Q ¼ V 2 =2 is the dynamic pressure. The flight condition includes angle of attack, , side-slip angle, , aircraft velocity, air density, control surface deflections, etc. The relationships between aerodynamic coefficients and variables are listed below:
where the stability and control derivatives are defined in Tables 1 and 2 . The forces X, Y, and Z acting on the MAV with respect to the body axis are given by
where T is the thrust and the subscripts x, y, z denote its components. The angle of attack and sideslip angle are defined as
The magnitude of aircraft velocity is 
Equations (1) to (18) are the nonlinear equations of motion for the dynamics of general aircraft including MAVs.
Extended Linearized-Time-Invariant Model
The linear-time-invariant (LTI) models for longitudinal and lateral motions of the MAV are derived by applying the theory of small perturbation around an equilibrium flight condition (trim condition). In general linear analysis of MAV dynamics, small-angle assumptions and some simplifications were used in the flight dynamic analysis of conventional airplanes. Here, we propose an extended version of LTI model called extended LTI (Ext-LTI) model, retaining more terms in the derivations. 3.1. Derivation of extended linear-time-invariant model For flight dynamics describing longitudinal maneuvers around the trim condition, the equations can be linearized using small disturbance theory assuming small deviations in aircraft motion from a steady flight state. All the variables in the equations of motion are replaced by a trim value plus a small perturbation, e.g.
. . . etc. Because the derivation processes are long and tedious, step-by-step operations are omitted. By applying the small disturbance theory with more terms retained due to moderate or large angle-of-attack 0 , the longitudinal dynamics are realized in state-space form as follows:
where
and X u , Z u , X w , Z w , etc. are dimensional stability derivatives given in Table 1 . [17] [18] [19] Because Eq. (13) is complex, it needs simplification. The geometry in Fig. 2 , offers the following relations for coordinate transformation,X
where À is the complement angle of a steady-glide angle (À) with a prescribed flight condition, Table 2 . Dimensional stability derivatives of lateral-directional motion.
The non-dimensional stability derivatives are defined as
. . . etc. Table 1 . Dimensional stability derivatives of longitudinal motion.
Trigonometric relations of dimensional stability derivatives.
Because MAV flight is in the incompressible flow regime, (21) are justified, and the steady-glide angle (À) with a prescribed flight condition is given by the following formula.
where E is the lift-to-drag ratio. From the above relations, Eq. (13) can be rewritten as 
This is similar to stability axis transformation, 21, 22) except that Eq. (24) is represented in state space with more retained terms. In the flight dynamics model, Eqs. (2), (4), and (6) for side force, rolling moment, and yawing moment, respectively, are concerned with lateral motion of aircraft. The flight dynamics associated with lateral maneuvers around the trim condition are also derived using dimensional stability derivatives from the literature. [17] [18] [19] The lateral-directional dynamics are realized as the following state-space expression, 
are dimensional stability derivatives of lateral motion given in Table 2 . In the above expression, the parameter J is
Define I xz =I xx and " I xz =I zz , then one has Eq. (26) expended as
The state equation Eq. (25) is actually a disturbance equation around the trim state with the trim angle of attack 0 , trim yawing angle 0 , and trim velocity u 0 , and neglects high-order terms while retaining small angles, 0 and 0 . For simplicity, we define the following notations with a tilde for lateral-directional stability derivatives. 
Hence Eq. (25) can be simplified as: 
Reduction to Conv-LTI model
In mathematical modeling of conventional airplanes, in general, the LTI model is calculated for level flight by setting the trim flight condition as zero for all longitudinal and lateral variables except airspeed u 0 . Because the trim angle-of-attack 0 is usually small for conventional airplanes, by setting the trim angle of attack 0 to zero leads the linearization procedure toX (24) is reduced to the conventional form, but includes an additional term Z q ,
and the lateral-directional dynamics can be reduced to the following state-space expression, 
Equation (30) is similar to equations in flight dynamics textbooks, 17, 18) except that some authors assume Z q ¼ 0. This derivative Z q denotes the variation of z-direction force with respect to pitching rate. This term is usually neglected in analysis of conventional aircraft because it contributes little to aircraft response. However, this is not true for a MAV, because the pitching motion alters angle of attack and the normal force. Equations (30) and (31) denoted as Conv-LTI are the linear-time-invariant model generally used for conventional airplanes with small-angle assumptions. 3.3. Mode-separated approximation of decoupled dynamic characteristics The linear flight dynamic performance of a symmetric aircraft normally deals with the short-period and phugoid modes for longitudinal motion, and spiral, rolling, and Dutch-roll modes for the lateral motion. For most conventional airplanes, these dynamics can be separated into these five modes. The following shows a class of highly simplified analysis of each separate mode and the results are used as the simplest version for model comparison.
Short Period Mode
The short-period motion represents rotation about the center of gravity with a higher frequency. The short-period mode approximation is obtained by assuming u ¼ 0 and neglecting the X-force equation:
The eigenvalues of the state equations for the short-period approximation can be determined by solving the equation jI À Aj ¼ 0, which yields
The characteristics equation for this determinant is
By comparing with the standard quadratic form,
By setting the trim angle of attack 0 to zero, this is reduced to the classical form with the additional term Z q , as:
Phugoid Approximation
The phugoid mode is usually slightly damped with a low frequency and represents the long-term translational motion of the center of gravity. An approximation for the long-period mode can be obtained by neglecting the pitching moment equation and assuming the change in downward velocity is zero. Invoking these assumptions, the longitudinal state equation can be simplified as:
Solving the eigenvalue problem for the long-period approximation, gives the frequency and damping ratio
Spiral Approximation
For the spiral mode, the changes in side forces and bank angle are neglected. With these assumptions, the equations of motion for the approximation can be obtained from the lateral-directional state equation.
The characteristic root for this equation is
Rolling Approximation Consider rolling motion of only one degree of freedom.
Dutch-Roll Mode For a MAV with relatively small dihedral effect, C l , this mode consists primarily of sideslip and yawing motion. For this reason, an approximation to the Dutch-roll mode can sometimes be obtained from the equations of motion with the roll degree of freedom eliminated. The resulting equations in matrix form are
Solving for the characteristic equation
Comparing the quadratic with the standard form,
Analysis of a Fixed-Wing MAV Design
A fixed-wing MAV with a wingspan of 15 cm shown in Figs. 1 and 3 was designed, fabricated, and successfully flown in 2002. It is used as the baseline model in this analysis. There are two flaprons (left and right control surfaces), which act as both aileron and elevator. The rudders are fixed for lateral-directional stabilization and a trim tab of the horizontal tail is installed on the top of the rudders as shown in Fig. 3 . The MAV has a weight of 70 gw without payload and the moments of inertia (g-cm 2 ) about each axis are I xx , I yy , I zz and I xz . The center of gravity is located at 29% root chord. The inertial, mass properties of the fixed-wing MAV are listed in Table 3 . Note that the moments of inertia of this fixed-wing MAV have the same order, and the orderof-magnitudes of parameters and " are Oð10 À1 Þ and " is Oð10 À2 Þ, viz. ¼ I xz =I xx ¼ 0:3514, " I xz =I zz ¼ 0:1435, and " ¼ 0:05. The values of and " are one or two orders higher than those for conventional airplanes, because they are primarily dependent on the wing aspect ratio. If the aspect ratio is smaller, the values are larger.
Aerodynamic derivatives
To explore the stability and control characteristics of the fixed-wing MAV, the aerodynamic derivatives in the equations of motion are evaluated using experimental data from low-Reynolds number wind tunnel testing and some theoretical/empirical formulas. The aerodynamics used for analyzing the flight dynamics of the MAV are extracted from Table 4 . Previous wind tunnel testing data are used to evaluate the static aerodynamic force and moment coefficients. 23, 24) The wind tunnel testing with full-scale MAV allows accurate characterization of actual flight conditions. Due to difficulties in experimental measurement, dynamic derivatives are estimated by applying existing theoretical and empirical formulas. 25) These data are accepted with a moderate level of confidence; however, they are known to have some errors. An obvious source of error includes the lack of aerodynamic contribution of propulsive-induced flow on the wing. Furthermore, all these analysis are conducted under steady flight conditions. Investigation of rapid motion of MAVs may need extensive wind tunnel testing to explore their nonlinear aerodynamics.
Trim analysis
In this work, flight dynamics analysis is performed to study stability characteristics of the MAV with respect to a given trim flight condition. To this end, a reference state has to be selected for analysis first. The trim flight condition, which is a steady-state solution of the complete nonlinear equations at given operating conditions, is used. For a symmetric aircraft, the trim solution can be obtained at conditions of specified thrust and deflection of the trim tab of the horizontal tail. Here, we use a trimming algorithm applying the Newton-Raphson method to calculate the trim thrust T 0 and trim tab deflection ht;0 corresponding to achieve a specified trim state. The thrust is assumed constant to balance the aligned drag component at the trim condition. The trim solution is calculated for level flight at a speed in the range between 5 and 25 m/s at sea level with take-off weights of 70 gw (without payload), 90 gw (with payload of 20 gw), and 110 gw (with payload of 40 gw), as shown in Fig. 4 . Figures 5 and 6 show the trim angle-of-attack 0 and the trim tab of the horizontal tail ht;0 , respectively, at various flight speeds. The change in required thrust is significant with changes in speed and payload, because the primary sources of drag for such aircraft are induced drag and friction drag. Both drag forces vary with flight speed and angle of attack; induced drag is especially pronounced for very low-aspect-ratio aircraft, such as MAVs.
Simulation Results and Discussion
The MAV flight dynamics is essentially nonlinear. Once the nonlinear trim is calculated, we could simulate the dynamic characteristics of MAVs for various control settings and/or external disturbances using complete nonlinear Table 4 . Aerodynamics data of stability and control derivatives. equations. Nevertheless, a linear analysis of less numerical effort may provide a quick prediction of dynamics of MAVs about the trim condition. This is very useful in analysis and preliminary design. In this section, the proposed Ext-LTI model is used to analyze the stability characteristics as well as the response to small disturbances with respect to our fixed-wing MAV. In addition, the performance of the present Ext-LTI model in dealing with flight stability characteristics of the MAV is demonstrated by comparisons to Conv-LTI and nonlinear models.
Linear analysis of dynamic stability characteristics
The dynamic characteristics of the short-period mode and phugoid mode for various speeds are shown in Figs. 7 and 8 , where Ext-LTI means extended LTI model, Conv-LTI means LTI model of conventional airplanes, and ModeSep Approx means mode-separated approximations. The three linearized analyses generate quite close natural frequencies of either short-period (! n;sp ) or phugoid (! n; ph ) modes, and both ! n;sp and ! n; ph do not change significantly with various payloads. However, In Figs. 7(a) and 8(a) the natural frequency of the short-period mode is almost proportional to the flight speed and that of phugoid mode decreases rapidly at lower flight speeds but slowly at higher speeds.
For damping ratio, the results in Figs the damping ability at higher flight speeds, but it is not the case for MAVs at low speed. For the short-period mode, the damping ratio becomes insensitive to variation in flight velocity as flight speed reaches beyond 15 m/s. Above this value, the three linearized results coincide; at lower flight speeds they are very distinct quantitatively and qualitatively. For the phugoid mode (long period or low frequency), the variations in damping ratio with respect to flight speed are quite complicated. We think the different levels of approximation employed in MAV flight dynamics will show large deviations between various linearized analyses. Figure 9 shows the dynamic characteristics of the Dutchroll mode for various flight speeds. Both the natural frequency ! n;DR and the damping ratio DR change significantly in the low-speed range. It is especially noteworthy that, at the typical MAV flight speeds around 10 m/s, take-off weight has a noticeable influence on the variations of Dutch-roll dynamics. All the three approaches predict similar non-monotonic trends in Dutch-roll natural frequency and damping ratio. The values of the minimum ! n;DR can be a little higher with an increase in take-off weight but, in general, the minimum values of ! n;DR appear around 10 m/s, especially at weights of 90 and 110 gw. Generally speaking, damping characteristics are degraded at higher flight speeds and/or lower take-off weights. However, the predictions of the Conv-LTI model may generate a negative damping ratio for the Dutch-roll mode for a low-speed MAV at about 6 to 12 m/s as observed in Fig. 9(b) . In this situation, obviously, the Conv-LTI model deviates from the other two approaches. As shown later, the Conv-LTI model is no longer appropriate to represent the flight dynamics of MAV lateral motion.
Linear vs. nonlinear simulations
A linearized analysis needs relatively less computational effort than a complete nonlinear model simulation. This section compares the simulation results of linear models with nonlinear models. With an equilibrium (trim) state as the initial condition, the time evolution of the MAV system dynamics is simulated; the forces and moments acting on the MAV and the dynamic response of the system are evaluated at each time step. In a preliminary numerical test with time-step sizes, s, of 5 Â 10 À3 , 10 À3 , and 5 Â 10 À4 , the latter two results are similar and can be practically regarded as the same. Therefore, to save computational time, the time-step size of 10 À3 is used for all simulations here. From our experience, the ratio of computational time for linear and nonlinear simulations is about 16% to 20%.
The initial condition for the simulation is specified at the trim state for the fixed-wing MAV with a take-off weight of 90 gw at a flight speed of 10 m/s. An external disturbance is introduced by adding an elevator/aileron deflection of a sinusoidal doublet within 0.5 s. Figures 10, 11 , and 12, show the comparisons of linear and nonlinear responses for the short-period mode, phugoid mode, and lateral motion, respectively. From Fig. 10 , the transient responses of velocity from the Ext-LTI and nonlinear models are close in the short-period mode, but the Conv-LTI model has noticeable discrepancy for the transient response of velocity u. For short-period pitching motion, the two linear simulations almost coincide with nonlinear motion. For the responses of the velocity and pitching motion of the phugoid mode plotted in Fig. 11 , the predictions of the three linear/ nonlinear models agree very well. The Conv-LTI model seems slightly closer to the nonlinear model for the phugoid mode in the cases considered here. From Fig. 12 , the time evolutions of lateral motions simulated by the Conv-LTI model present quite distinct characteristics. For this case under consideration, the Conv-LTI results show instability in the lateral behavior, while the proposed Ext-LTI model performs similarly to the nonlinear model and they are both stable. The above results suggest that the lateral dynamics of the MAV are sensitive to the model used in the analysis. This fact can be regarded as indirect evidence of the worse stability of lateral dynamics compared to the longitudinal dynamics of MAVs.
To estimate the dynamic characteristics of the nonlinear model in the frequency domain, the dynamic parameters are extracted from simulation data using the least-square fitting technique. Figures 13 and 14 show the variation of dynamics parameters for short-period and phugoid modes of longitudinal motion. The effects of flight speed on frequency and damping ratio are examined using the simulations with the above linear and the nonlinear models. As the linearized results in Figs. 7(a) and 8(a) , the natural fre- Fig. 15 , the Dutch-roll natural frequency ! n;DR and damping ratio DR at various flight speeds are further presented for comparison of various linear approximations with respect to the results of the nonlinear model. Inspecting the data for plotting Fig. 15 , the values of natural frequency ! n;DR obtained from the Ext-TLI model are closest to the nonlinear results. Again, the Ext-LTI predictions of damping ratio DR agree quite well with the nonlinear data and are obviously superior to the other linear approaches. 
Concluding Remarks
This study presents a theoretical methodology for modeling and analysis of a fixed-wing MAV. We formulated four models of various approximation levels: the complete nonlinear model with six degrees of freedom, the extended LTI model, the Conv-LTI model, and mode-separated approximation. Among these, the Ext-LTI model was derived considering the characteristic features of MAVs in trimmedflight condition and moments of inertia. Simulations and predictions of the flight dynamics by these models were compared. In the range of MAV flight conditions considered here, the results show that the Conv-LTI model may be inappropriate at lower flight speeds, especially for lateraldirectional motion. In contrast, the mode-separated approximation has discrepancies with respect to the nonlinear model at low airspeed. However, the Ext-LTI model agrees with the nonlinear model in most MAV flight regions. This model is good for resolving the lateral-directional stability characteristics of fixed-wing MAVs with low aspect-ratio. Based on simplicity, accuracy, and efficiency, the Ext-LTI model is best at simulation of flight dynamic behavior of fixed-wing MAVs.
